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1 free , 2 [HNY]








, free , ,
, .
, free free .
free .
$\Omega$ base space, $\Sigma$ $\sigma$-field, $\mu$ positive $\mu(\Omega)=1$
, $(\Omega, \Sigma, \mu)$ . , $f$ : $\Omegaarrow \mathbb{C}$ ,
$E(f)$ .
$\cdot$ . . . .
$E(f)= \int_{\omega\in\Omega}f(\omega)d\mu(\omega)$
. .
1.1. $(A, \phi)$ , $\mathbb{C}$ unital (1 ) $(-$
) $A$ $\phi$ : $Aarrow \mathbb{C}$ $\phi(1)=1$ . $A$
$C^{*}-$ algebra , $\phi$ $A$ state $(A, \phi)$ $C^{*}-$ , $A$
von Neumann algebra \mbox{\boldmath $\phi$} trace $(A, \phi)$ , $W^{*}-$
. , $(A, \phi)$ $a\in A$ .
.
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1.2. ( ) $(A, \phi)$ , $A_{i}(i\in I)$ $A$ 1
. , $(A_{i})_{i\in I}$ ,
(1) $i_{1},$ $i_{2}\in I(i_{1}\neq i_{2})$ ,
$t$
$x_{1}x_{2}=x_{2}x_{1}$ for $x_{1}\in A_{i_{1}}$ and $x_{2}\in\lambda_{2}$ ,
(2) $x_{j}\in A_{i_{j}}$ ( $i_{1},$ $i_{2},$ $\cdots,$ $i_{n}$ ) ,
$\phi(x_{12n}X\ldots x)=\phi(x_{1})\emptyset(x_{2})\cdots\emptyset(x_{n})$ .
$A_{j}$ 1 (2) (2) .
(2) $x_{j}\in A_{i_{j}},$ $\phi(x_{j})=0$ ( , $i_{1},$ $i_{2},$ $\cdots,$ $i_{n}$ ) ,
$\phi(x1x\mathit{2}\ldots Xn)=0$ .
tensor .
– . tensor free
, “ ‘ , .
D. Voiculescu free .
1.3. (free ) $(A, \phi)$ . $1\in A_{i}\subset A(i\in I)$ $A$
. , $(A_{i})_{i\in I}$ free , $x_{j}\in A_{ij}$ $\phi(x_{j})=0$
, $i_{1}\neq i_{\mathit{2}}\neq\cdots\neq i_{n},-$
$\phi(x1x2\ldots Xn)=0$
.
$X_{i}\subset A$ free , $\{1\}\cup\lambda_{i}^{r}$
$A_{i}$ free . , $X_{i}=\{x_{i}\}$ , $(x_{i})$ free .
free
2 ,
. , free , $(x_{1}, x_{\mathit{2}}, \cdots, x_{n})$ free ,
word
.
$p$ , $n$ . free $\{x_{1}, \cdot*\cdot, x_{n}\}$
, \mbox{\boldmath $\phi$}(p(xl, $x_{\mathit{2}},$ $\cdots,$ $x_{n}$ )) $\prod p_{i}(\phi(x_{i}))$
. , $p_{i}$ 1 .






, $x_{1^{X_{1}}}^{\mathrm{o}2}=x_{1}^{3}-\emptyset(x_{1})x^{2}1’ x_{2}x_{1}^{2}$ $x_{1}x_{2^{X_{1}^{\mathit{2}}}}$
, .
1.4. ( ) $(A, \phi)$ . $x\in A$ 1
$\mathbb{C}[X]$ $\mu_{x}$
$\mu_{x}(P(x))=\emptyset(P(x))$ , $P\in \mathbb{C}[X]$
.
, $C^{*}-$ $(A, \phi)$ , $x\in \mathcal{A}$ , $\mu_{x}$
$\mathbb{R}$ .
$\int P(t)d\mu_{x}(t)=\phi(P(x))$ , $P\in \mathbb{C}[X]$
$d\mu_{x}$ – .
$x$ , $\mu_{x}(X^{n})$ $x$ $n$ simple moment . $x$
, $\mu_{x}(X)=0$ (centered) , , centered






, , $x_{1},$ $x_{\mathit{2}}$ 4
, $x_{1}$ 3 , $x_{2}$ 1













$C^{*}-$ $(A, \phi)$ , $x\in A$
$\omega_{m,r}$ , $x$ $m\in \mathbb{R}$ , $r>0$ (semicircular)
.
, , 1 , 2 :
$\omega_{m,r}(X)=m$
$\omega_{m,r}(X^{\mathit{2}})=m^{\mathit{2}}+\frac{r^{\mathit{2}}}{4}$







, $c_{m}= \frac{(2m)!}{7n!(m+1)!}$ $m$ Catalan
.
$C^{*}-$ $(A, \phi)$ , $x\in A$ $\mathbb{R}$







(convolution) . free free
additive convolution .
1.6. $x_{1},$ $x_{2}$ , $\mu_{x_{1}},$ $\mu_{x}2$ free .
, $x_{1}+x_{2}$ $\mu_{x_{1}+X}2$ , $\mu_{x_{1}},$ $\mu_{X_{2}}$ . free
(additive) convolution , $\mu_{x_{1}}$ $\mu_{x_{2}}$ .
convolution Fourier
. Fourier cumulant ,
convolution . free , D.
Voiculescu $\mathrm{R}-$ .
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1.7. $\mathbb{C}[X]$ $\mu$ , $\zeta^{-1}$
$G_{\mu}( \zeta)=\zeta^{-1}+\sum^{\infty}I^{\mathrm{L}}(\mathrm{x}k)\zeta^{-}k=1k-1$ ,
. ,
$G_{\mu}$ $(\text{ _{}\mu}’ (z))=z$ $I\iota_{\mu}^{\Gamma}(c(\mu\zeta))=\zeta$
$I\mathrm{t}_{\mu}^{r}(z)$ . $I_{1_{\mu}^{\mathcal{F}}}(z)$ $z$
$I \mathrm{f}_{\mu}(_{Z)}=z^{-1}+\sum_{=k0}\alpha k+1Z^{k}\infty$ ,
. , $\mu$ R- R\mu ( ,
$R_{\mu}(z)=Ii_{\mu}(rZ)- \frac{1}{z}=\sum_{k=0}^{\infty}\alpha k+1z^{k}$
.
1.8. [VDN] R- :
$R_{\mu_{x_{1}}\mathrm{f}\mathrm{f}\mathrm{l}\mu_{x}2}(Z)=R\mu x_{1}(\mathcal{Z})+R_{\mu x_{2}}(z)$
$R_{\mu_{\gamma x}}(z)=\gamma R(\mu x\gamma_{Z})$
$R_{\mu_{x+\gamma}1}(_{Z)}=R_{\mu_{x}}(Z)+\gamma$
R- $m$ , $r$ R- .
$R_{\omega_{m,r}}(_{Z})=m+ \cdot\frac{t^{2}}{4},z$
R- free cumulant . R-
(1 free cunmlant), , 1 (2 free cumulant)
. 3 cumulant $0$




[Spe] . , .
.
$S(n)=\{1,2, \ldots, n\}$ $P$ $S(n)$ IJ (partition) $P=$
$\{\pi_{1}, \pi_{\mathit{2}}, \ldots, \pi_{m}\}$ $\pi_{i}\neq\phi(1\leq i\leq m)$ $\pi_{i}\cap\pi_{j}=\phi$ $\cup\pi_{i}=S(n)$
19
. , $S(n)$ $\pi_{i}$ ordered set , $i,j$
$\pi_{i}=(v_{1}, \ldots, v_{p}),$ $v_{1}<\cdots<v_{p},$ $\pi_{j}=(w_{i}, \ldots, w_{q}),$ $w_{i}<\cdots<w_{q}$
$w_{k}<v_{1}<w_{k+1}=w_{k}<v_{p}<w_{k+1}$ $(k=1, \ldots, q-1)$
, $P$ (non-crossing) .
, . $\wp(S(n))$
$S(n)$ , $NC\wp(S(n))$ $S(n)$ non-crossing
. $NC\wp(S(n))\subset\wp(S(n))$ .
$r_{k}$
$k$ cumulant . $r_{1},$ $r_{2},$ $\ldots$ , $r_{n}$ $P=$
$\{\pi_{1}, \pi_{\mathit{2}}, \ldots, \pi_{m}\}\in\wp(S(n))$
’
$R(P)=\square ri=m1\mathrm{I}\pi_{i}1$














$n$ , q- $[n]_{q}$












1.10. [LM] $\mu_{q}$ [ $-2/\sqrt{1-q},$ $2/\sqrt{1-q\rfloor}$
$\mu_{q}(dx)=-\sqrt{1-q}\mathrm{J}T\mathrm{t}\sin\theta n1\prod_{=}(1-q)n|1-qe|^{\mathit{2}}n\mathit{2}i\theta dX$




$q=1$ , Hermite ,
$q=0$ , free .
2
free
. [HNY] [HKNY] .
$-$ i.i.d. (independently
identically distributed) . , $C_{-}^{*}$, $(A, \phi)$ free
, f.i. $\mathrm{d}$ . (freely identically
















. free . ( $A$ $\mathrm{b}$ ,
)
2.2. [HNY] $x_{1},$ $x_{2},$ $\cdots,$ $x_{n}$ f.i. $\mathrm{d}$ . . $A=$







, $l,$ $q$ free , $x_{1},$ $\cdots,$ $x_{n}$
.
[ ] $||\mathrm{b}||=1$ . $A$ , $A\mathrm{b}=0$ $S=(s_{ij})$
$SA^{t}S=diag\{\lambda_{1}, \ldots, \lambda_{n-1},0\}$ , $S\mathrm{b}={}^{t}(0, \ldots, 0,1)$
.
$y_{i}= \sum_{j=1}^{n}s_{i}jX_{j}$
, $y_{1},$ $y_{\mathit{2}},$ $\ldots,$ $y_{n}$ ( free . , $q= \sum_{i=}n-1\lambda_{i}1y_{i},$$l2=yn$
, $q,$ $l$ free .
[ ] $\phi(x_{1}^{2m+1})$ $0$ .
$\phi(x_{1})=0$ . $\emptyset(l)=0$ $l,$ $q$ free $\phi(lq^{m})=\phi(l)\emptyset(q^{m})=0$ .
$0= \phi(lq)m=\emptyset((\sum_{i}b_{ii}x)(\sum_{i,j}aijx_{i}xj)^{m})$
, . $x_{1},$ $x_{2},.,$$x2m+12m+1..\mathit{2}nm+1$
$\sum_{i}b_{i}a_{ii}^{m}\phi(X^{\mathit{2}})1m+1$
. $x_{1}^{\mathit{2}1},$$x_{2}^{\mathit{2}m}m++1\ldots 2xm+1$
, 2 , $x_{1},$ $x_{2},$ $\ldots$ , x
22







. $l,$ $q$ free
$\emptyset(l\mathit{2}q-1)m\phi=(l^{\mathit{2}})\phi(q)m-1$ .









. $x_{1’ \mathit{2}’ n}^{\mathit{2}m}x^{22m}m\ldots,$$x$
$( \sum_{i}b_{ii}^{\mathit{2}1}a^{m_{i}-})\phi(X)2m1$
. $x_{1}^{2m},$ $x_{\mathit{2}}\mathit{2}m,$ $\ldots,$ $x^{2m}\text{ }$ ,
\yen , $\alpha_{k},$ $\phi(.x^{2})^{k}1(k<m-)$
.





. $\phi$ , $\phi$ free .
, $x_{1},$ $x_{2}$ , – $x_{n}$








2.3. [Ni], [HNY] $C=(c_{ij})$ $n\cross n$ ,
,
. $x_{1},$ $x_{2},$ $\cdots,$ $x_{n}$ f.i. $\mathrm{d}$ . ,
$y_{i}= \sum_{j=1}c_{ijj}x$
, $i=1,$ $\cdots,$ $n$






2.4. [HKNY] $x_{1},$ $x_{\mathit{2}},$ $\cdots,$ $x_{n}$ – , free
. $a_{1}$ . $\cdots,$ $a_{n}\in \mathbb{R}$ ( $a_{1}^{2}+a_{\mathit{2}}^{\mathit{2}}+\cdots+a_{n}^{2}=1$ ) , $\sum_{\vee}$ aixi








Cram\’er $X_{1},$ $X_{\mathit{2}}$ . $X_{1}+X_{\mathit{2}}$
, $X_{1},$ $\lambda_{2}^{r}$ .
24





2.5. [HKNY] $x_{1},$ $x_{\mathit{2}},$ $\cdots,$ $x_{n}$ free centered –
,
$y= \sum_{i=1}(X_{i}+ai)^{2}$ , $a_{1},$ $\cdots,$ $a_{\text{ }}\in \mathbb{R}$
$a=\Sigma_{i=}^{\text{ }}1a_{i}\mathit{2}$ , $x_{\mathit{2}},$ $\cdots,$.x
.
$y$
$\chi^{2}$ free . $y$
R- ,




25 $y$ . $y$
$\chi^{2}$ free
. .
2.7. { $x_{1},$ $x_{2}$ . $\cdots$ , x , $\delta=\sum_{i1i}^{n}=?n^{\mathit{2}}(m_{i}\in \mathbb{R})$ .
$\sum_{i=1}^{n}(x_{i}+m_{i})^{\mathit{2}}$ \mbox{\boldmath $\chi$}2 $(n, \delta)$ , $n$ , $\delta$ free $\chi^{\mathit{2}}$
.
R- . $q$ , \mbox{\boldmath $\chi$}2 $(n, \delta)$ , .
$R_{q}(z)= \frac{n}{1-z}+\frac{\delta}{(1-2_{Z})^{2}}$
. \mbox{\boldmath $\delta$} $=0$ , free $\chi^{2}$ central, $\delta\neq 0$
, noncentral .
, .
, $q_{1},$ $q_{\mathit{2}}$ free , $\chi^{\mathit{2}}(n1, \delta 1),$ $\chi^{2}(n\mathit{2}, \delta 2)$
25
. $q_{1}+q_{2}$ $\chi^{2}(.n_{1}+n_{\mathit{2}}, \delta_{1}+\delta_{\mathit{2}}.)$ .
$\lambda^{2\mathit{2}}(n_{1}, \delta_{1})+x(n2,\tilde{\delta})=\chi^{2}(n_{1}+n2, \delta_{1}+\delta \mathit{2})$
. . .
$\mathrm{X}’2$ free
. , free $\chi^{2}$ ,
free analogue .
2.8. [HKNY] $\{x_{1}, x_{\mathit{2}}, \cdots, x_{n}\}$ , $A=(a_{ij})$ $n\cross n$
, $q= \sum_{i,j=1}^{n}$ ol:)x , $q$ free $\chi^{2}$
$A^{2}=A$ .
2.9. [HKNY] { $x_{1},$ $x_{2},$ $\cdots$ , x . $n\cross n$ $A=$
$(a_{ij}),B=(b_{ij})$ , 2 $\sum_{i,j=1}^{\eta}$ aijxixj, $\sum_{i,j=1}^{n}$ b,,x’
free $AB=0$ .
2.10. [HKNY] $\{x_{1}, x_{\mathit{2},n}\ldots, x\}$ . $n\cross n$
$A_{i}=(a_{jk}^{(})i)$
$y_{i}= \sum_{1j,k=}a^{(}Xn\tilde{J}^{kjk}i)X$ , $i=1$ , $\cdot$ . . ’ $m$
. $A= \sum_{i=1}^{m}A_{i}$ $A=A^{2}$ , .
(1) $y_{i}(i=1, \cdots, m)$ free $1^{2}$
(2) $y_{1}.’\cdots,$ $y_{n}$ free
(3). rankA $= \sum_{i=1}^{m}\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{k}A_{i}$ .
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